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Abstract. Consider a vertex-reinforced jump process defined on a regular tree, where each 
vertex has exactly b children, with b > 3. We prove the strong law of large numbers and 
the central limit theorem for the distance of the process from the root. Notice that it is still 
unknown if vertex-reinforced jump process is transient on the binary tree. 
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1. Introduction 



Let T> be any graph with the property that each vertex is the end point of only a finite number 
of edges. Denote by Vert(P) the set of vertices of T>. The following, together with the vertex 
occupied at time and the set of positive numbers {a u : v e Vert (£>)}, defines a right-continuous 
process X = {X s , s > 0}. This process takes as values the vertices of V and jumps only to 
nearest neighbors, i.e. vertices one edge away from the occupied one. Given X s , < s < t, 
and {X t = x}, the conditional probability that, in the interval (t, t + dt), the process jumps to 
the nearest neighbor y of x is L(y,t)dt, with 



where 1a stands for the indicator function of the set A. The positive numbers {a u : v G Vert(P)} 
are called initial weights, and we suppose a v = 1, unless specified otherwise. Such a process is 
said to be a Vertex Reinforced Jump Process (VRJP) on T>. 

Consider VRJP defined on the integers, which starts from 0. With probability 1/2 it will 
jump either to 1 or —1. The time of the first jump is an exponential random variable with 
mean 1/2, and is independent on the direction of the jump. Suppose the walk jumps towards 
1 at time z. Given this, it will wait at 1 an exponential amount of time with mean 1/ (2 + z) . 
Independently of this time, the jump will be towards with probability (1 + z)/(2 + z). 

In this paper we define a process to be recurrent if it visits each vertex infinitely many 
times a.s., and to be transient otherwise. VRJP was introduced by Wendelin Werner, and its 
properties were first studied by Davis and Volkov (see [E] and [9]). This reinforced walk defined 
on the integer lattice is studied in [8] where recurrence is proved. For fixed 6gN:={1,2,...}, 
the 6-ary tree, which we denote by Qj,, is the infinite tree where each vertex has 6 + 1 neighbors 
with the exception of a single vertex, called the root and designated by p, that is connected to 
b vertices. In [9] is shown that VRJP on the 6-ary tree is transient if b > 4. The case 6 = 3 was 
dealt in [I], where it was proved that the process is still transient. The case b = 2 is still open. 

Another process which reinforces the vertices, the so called Vertex-Reinforced Random Walk 
(VRRW), shows a completely different behaviour. VRRW was introduced by Pemantle (see 
[17J). Pemantle and Volkov (see [19]) proved that this process, defined on the integers, gets 
stuck in at most five points. Tarres (see [23]) proved that it gets stuck in exactly 5 points. 
Volkov (in [21]) studied this process on arbitrary trees. 



The reader can find in [18] a survey on reinforced processes. In particular, we would like 

to mention that little is known regarding the behaviour of these processes on infinite graphs 
with loops. Merkl and Rolles (see [13]) studied the recurrence of the original reinforced random 
walk, the so-called linearly bond-reinforced random walk, on two-dimensional graphs. Sellke 
(see [21]) proved than once- reinforced random walk is recurrent on the ladder. 

We define the distance between two vertices as the number of edges in the unique self-avoiding 
path connecting them. For any vertex u, denote by \u\ its distance from the root. Level i is 
the set of vertices v such that \v\ = i. The main result of this paper is the following. 




a„ > 
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Theorem 1.1. Let X be VRJP on Qb, with b > 3. There exist constants e (0, oo) and 
G [0, oo) such that 



lim = kP a.s., (1.1) 

|Xf| ~ ^ - Aorma/(0, #f), (1.2) 

where we took the limit as t — > oo, =>■ stands for weak convergence and Normal(0, 0) stands for 
the Dirac mass at 0. 

Durrett, Kesten and Limic have proved in [TT] an analogous result for a bond-reinforced random 
walk, called one-time bond-reinforced random walk, on Qb, b > 2. To prove this, they break 
the path into independent identically distributed blocks, using the classical method of cut 
points. We also use this approach. Our implementation of the cut point method is a strong 
improvement of the one used in [3] to prove the strong law of large numbers for the original 
reinforced random walk, the so-called linearly bond-reinforced random walk, on Qb, with b > 70. 
Aidekon, in pQ gives a sharp criteria for random walk in a random environment, defined on 
Galton- Watson tree, to have positive speed. He proves the strong law of large numbers for 
linearly bond-reinforced random walk on Qb, with b > 2. 



2. Preliminary definitions and properties 

From now on, we consider VRJP X defined on the regular tree Qb, with b > 3. For v ^ p, 
define par(z/), called the parent of v, to be the unique vertex at level \u\ — 1 connected to v. A 
vertex vq is a child of u if v = par(z/ ). We say that a vertex u is a descendant of the vertex v 
if the latter lies on the unique self-avoiding path connecting z/ to p, and u ^ v. In this case, 
v is said to be an ancestor of u Q . For any vertex /x, let A M be the subtree consisting of /i, its 
descendants and the edges connecting them, i.e. the subtree rooted at \i. Define 

Ti := inf{t > 0: \X t \ = i}. 

We give the so-called Poisson construction of VRJP on a graph T> (see [20J ) . For each 
ordered pair of neighbors (u, v) assign a Poisson process P(u,v) of rate 1, the processes being 
independent. Call hi(u,v), with % > 1, the inter-arrival times of P(u,v) and let £i := inf{t > 
0: X t = u}. The first jump after £i is at time c\ := £i + min„ h\(u, v) (L(v, ^i)) 1 , where the 
minimum is taken over the set of neighbors of u. The jump is towards the neighbor v for which 
that minimum is attained. Suppose we defined {(£j,Cj),l < j < i — 1}, and let 

£i := inf {t > Ci-i: X t = m}, and 

j v — 1 = j UjV — 1 := number of times X jumped from u to v by time 

The first jump after ^ happens at time q := ^ + min„ hj v (u, v) (L(v, ^)) \ and the jump is 
towards the neighbor v which attains that minimum. 

Definition 2.1. A vertex fi, with > 2, is good if it satisfies the following 

hi{po,iM) < — ( -, — : r where /x = par(/x). (2.1) 

1 + %(par(/i ),//oJ 
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By virtue of our construction of VRJP, ( 12. ip can be interpreted as follows. When the process 
X visits the vertex po for the first time, if this ever happens, the weight at its parent is exactly 
1 + hi (par(^o) j /^q) while the weight at p is 1. Hence condition (I2.ip implies that when the 
process visits po (if this ever happens) then it will visit p before it returns to par(/i ), if this 
ever happens. 

The next Lemma gives bounds for the probability that VRJP returns to the root after the 
first jump. 

Lemma 2.2. Let 

a>b := P(X t = p for some t > Ti), 
and let fib be the smallest among the positive solutions of the equation 

b 

J2* k Pk, (2-2) 



x 



k=0 



where, for k G {0, 1, ... , b}, 



3=0 

We have 



kj \j J Jo j + b-k + l + z 
1 + z 



CO 



b+l + z 



be- bz dz <a b < (3 b . (2.4) 



Proof. First we prove the lower bound in (12 .41) . The left-hand side of this inequality is the 
probability that the process returns to the root with exactly two jumps. To see this, notice 
that L(p, Ti) is equal 1 + min^. \ v \=ihi(p,u). Hence Ti = L(p, Ti) — 1 is distributed like an 
exponential with mean 1/6. Given that T\ = z, the probability that the second jump is from 
Xt ± to p is equal to (1 + z)/(b + 1 + z). Hence the probability that the process returns to the 
root with exactly two jumps is 

- 1 + Z be~ bz dz. 
b + l + z 

As for the upper bound in (12.41) we reason as follows. We give an upper bound for the probability 
that there exists an infinite random tree which is composed only of good vertices and which 
has root at one of the children of X^. If this event holds, then the process does not return to 
the root after time Ti (see the proof of Theorem 3 in [4]). We prove that a particular cluster 
of good vertices is stochastically larger than a branching process which is supercritical. We 
introduce the following color scheme. The only vertex at level 1 to be green is Xt ± - A vertex 
u, with \u\ > 2, is green if and only if it is good and its parent is green. All the other vertices 
are uncolored. Fix a vertex p. Let C be any event in 

:= cr(hi(r) , rji) :i> 1, with r] ~ r) X and both i] and r/i ^ A M ), (2.5) 

that is the a-algebra that contains the information about X t observed outside A^. Next we 
show that given C H {p is green}, the distribution of /ii(par(/i), p) is stochastically dominated 
by an exponential(l). To see this, first notice that hi(pai(p), p) is independent of C. Let 
D := {par(yu) is green} G and set 

/n(/fo,par(// )) 

W := — r- where p = pai(p). (2.6) 

1 + /ii(par(/i ),/i J 
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The random variable W is independent of /ii(par(/x), /x) and is absolutely continuous with 
respect the Lebesgue measure. By the definition of good vertices we have 

{/i is green} = {/ii(par(/x), /x) < VK} n D. 

Denote by fw the conditional density of W given D n C fl {/ii(par(/x), /x) < W 7 }. We have 

P^/ii(par(/x), /x) > x | {/x is green} fl Cj 
= F(hi(vax(n),fi) > x | {hi (par < W} n C n (2.7) 
= y P^/i 1 (par(^),/i) >x | {/^(par^/x) < w} n C D n {W = w}) f w (w)dw 

Using the facts that /i 1 (par(/i), /x) is independent of W, C and D and 

P(/ti(par(/x), //) > x | /ii(par(/x), /x) < w) < P(/ii(par(/x), /x) > sc), 

we get that the expression in (12.71) is less or equal to P^/ix(par(/x), /x) > xj. Summarising 

P^i(par(/x),/x) > x | {/x is green} fl C) > P^i(par(/x), /x) > x). (2.8) 

The inequality (12. 7p implies that if /xi is a child of /x and C G 7"^ we have 

P^/xi is green | {/x is green} fl Cj > P^/xi is greenj. (2.9) 

To see this, it is enough to integrate over the value of /ii(par(/x), /x) and use the fact that, 
conditionally on /^(pa^/x), /x), the events {/xi is green} and {/x is green} fl C are independent. 
The probability that /xi is good conditionally on {/ii(par(/x), /x) = x} is a non-increasing func- 
tion of x, while the distribution of /ii(par(/x), /x) is stochastically smaller than the conditional 
distribution of /ii(par(/x), /x) given {/x is green} fl C, as shown in (12. 8ft . 

Hence the cluster of green vertices is stochastically larger than a Galton- Watson tree where 
each vertex has k offspring, k G {0,1,..., b}, with probability pt defined in (12. 3ft . To see 
this, fix a vertex /x and let /x.;, with i G {0, 1, ... ,b} be its children. It is enough to realize 
that pk is the probability that exactly k of the ft-i(/x, /ij), with 2 G {0,1,..., 6}, are smaller 
than (l + /ix(par(/i), /x)) (/x, par(/x)) . As the random variables /ii(/x, /ij), (/x, par (/x)) and 
/ii(par(/x), /x) are independent exponentials with parameter one, we have 

Pk = Q j™ ^(hii^p) < T ^) fe P(/ il (/x ,/x) > -A_) 6 -V^e- 2 d 2 /dz 
= Q jT jH (1 - e-*) V*( l -VV%d Z 

= E Q Q) (-l) J e^ (j+6 - fe+1+2)/(1+ ^e-dx/d^ (2 ' 10) 

^ W W Wo j + &-£; + 1 + 2; 



j=0 
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From the basic theory of branching processes we know that the probability that this Galton- 
Watson tree is finite (i.e. extinction) equals the smallest positive solution of the equation 

b 

x-^x k p k = 0. (2.11) 

k=0 

The proof of ( 12.41) follows from the fact that 1 — (3b < 1 — a&. This latter inequality is a 
consequence of the fact that the cluster of green vertices is stochastically larger than the Galton- 
Watson tree, hence its probability of non-extinction is not smaller. As b > 3, the Galton- Watson 
tree is supercritical (see [1]), hence < 1. □ 

For example, if we consider VRJP on Q 3 , Lemma [2.21 yields 

0.3809 < a 3 < 0.8545. 

Definition 2.3. Level j > 1 is a cut level if the first jump after Tj is towards level j + 1, and 
after time Tj + i the process never goes back to Xt s , and 

L(X T .,oo) < 2 and L(pax(X Tj ) , oo) < 2. 

Define l\ to be the cut level with minimum distance from the root, and for i > 1, 

li := min{j > U-\\ j is a cut level}. 

Define the i-th cut time to be n := T^. Notice that U = \X n \. 



3. h HAS AN EXPONENTIAL TAIL 

For any vertex v G Vert(^), we define fc(z/), which stands for first child of v, to be the 
(a.s.) unique vertex connected to v satisfying 

h\{v, fc(i/)) = min [h\{v, fi) : par(/i) = v\. (3.1) 

For definiteness, the root p is not a first child. Notice that condition (13.11) does not imply that 
the vertex fc(v) is visited by the process. If X visits it, then it is the first among the children 
of v to be visited. 

For any pair of distributions / and g, denote by / * g the distribution of Ylk=i Mk, where 

• V has distribution /, and 

• {Mfc, k G N} is a sequence of i.i.d random variables, independent of V, each with 
distribution g. 

Recall the definition of Pi, i G {0, . . . , b}, given in (12. 3p . Denote by p (1) the distribution which 
assigns to i G {0, . . . , b} probability pj. Define, by recursion, p (j) := p (j_1) * p (1) , with j > 2. 
The distribution p (j) describes the number of elements, at time j, in a population which evolves 
like a branching process generated by one ancestor and with offspring distribution p (1) . If we 
let 

b 

m := ^jPj, 

3=1 
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then the mean of p (j) is m? . The probability that a given vertex ji is good is, by definition, 

f ( hlM < J^j^W) ) where , = par M . 
V 1 + fti(par(/i ),/ioj y 

As the /ii (par(/io), Ato) is exponential with parameter 1, conditioning on its value and using 
independence between different Poisson processes, we have that the probability above equals 

F(hi(no,fi) < -^/ii(AA ,par(/i )))e-M,2 = f — *— e~ z dz = 0.36133 ... . (3.2) 
V \ -\- z J J q A -\- z 

Hence 

m = 6-0.36133 > 1, 

because we assumed b > 3. 

Let q = po + pi, and for k G {1, 2, — 1} set = Pfc+i- Set q to be the distribution 
which assigns to 2 G {0, . . . , b — 1} probability For j > 2, let q (j) := p (i_1) * q. Denote by 
the probability that the distribution q (j) assigns to i G {0, . . . , (6 — l)^ -1 }. The mean of q (j) is 
m?~ l {m — 1). From now on, £ denotes the smallest positive integer in {2, 3, . . . , } such that 

m c_1 (m -1)>1. (3.3) 

Next we want to define a sequence of events which are independent and which are closely 
related to the event that a given level is a cut level. For any vertex v of Qb let 6^ be the set of 
vertices \i such that 

• fj, is a descendant of u, 

• the difference - \v\ is a multiple of (, 

• /i is a first child. 

By subtree rooted at z/ we mean a subtree of A u that contains v. Set z/ = fc(z/) and let 

A{y) := {3 an infinite subtree of Qb root at a child of u, which is composed only by 
good vertices and which contains none of the vertices in 9^} 

For jgN, let A, := A[X T ^. Notice that if the process reaches the first child of v and if A{y) 
holds, then the process will never return to v. Hence if Aj, holds, and if X T . +1 = X T . + 1, then 
i is a cut level, provided that the total weights at X T . and its parent are less than 2. 

Proposition 3.1. The events A%, with i G N, are independent. 

Proof. We recall that ( > 2. We proceed by backward recursion and show that the events 
A^ depend on disjoint Poisson processes collections. Choose integers < %\ < i<i < . . . < ik, 
with ij G := {(, 2(, 3(, . . .} for all j G {1,2,..., k}. It is enough to prove that 



k k 

P ' 

'3=1 3=1 



Fix a vertex v at level ik- The set A(u) belongs to the sigma-algebra generated by 
[P(u,w): u,w G Vert(A l/ )}. On the other hand, the set Dj=i ^ n ^ T » fc = u } belongs 
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to {P( u,w): u Vert(A I/ )}. As the two events belong to disjoint collections of independent 
Poisson processes, they are independent. As F(A(u)) = F(A(p)), we have 

fc-l k-l 

p(^nf|^)= E v(A lk nf)A h n{x Tik =vi 



3=1 v: \v\=i k j=l 

k-l k-l 



E P(^)nn^n{^ =1/}) = E WP(fl4n{^^}) (3.6) 

f: |f |=i fc i=l ^: \u\=i k j=l 

k-l k-l 

F(A( P )) e p(rK n wi fc =«/>) =p(A( P ))p(fi^ 



The events and {-X^ = ^} are independent, and by virtue of the self-similarity property 
of the regular tree we get F{A(p)) = P(A ifc ). Hence 

fc-i fc-i 
P(A fc n f| A h ) = P(AJP( f| A h ). (3.7) 

3=1 3=1 

Reiterating Q32J) we get (ET51) . □ 
Lemma 3.2. Define to be the smallest positive solution of the equation 

b-l 

z = E^°> (3-8) 

k=0 

where £ and (g[ n) ) /iaue 6een defined at the beginning of this section. We have 

P(A) > 1 - 7fe > 0, Vz G N. (3.9) 

Proof. Fix i e N and let v* = X^.. We adopt the following color scheme. The vertex io,{X T \ 
is colored blue. A descendant p of u* is colored blue if it is good, its parent is blue, and either 

• \p\ — \u*\ is not a multiple of (, or 

• ^(\p\ — G N and /i is not a first child. 

Vertices which are not descendants of v* are not colored. Following the reasoning given in the 
proof of Lemma [2721 we can conclude that the number of blue vertices at levels \v*\ + j(, with 
j > 1, is stochastically larger than the number of individuals in a population which evolves like 
a branching process with offspring distribution q (c) , introduced at the beginning of this section. 
Again, from the basic theory of branching processes we know that the probability that this tree 
is finite equals the smallest positive solution of the equation (13. 8p . By virtue of (13.31) we have 
that 76 < 1. □ 

The proof of the following Lemma can be found in [10] pages 26-27 and 35. 

Lemma 3.3. Suppose U n is Bin(n,p). For x G (0, 1) consider the entropy 

x 1 — x 

H(x \p) := x In — h (1 — x) In . 

p 1 — p 

We have the following large deviations estimate, for s G [0, 1], 

P (U n < sn) < exp{— n inf H(x \p)}. 

xe[o,s] 
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Proposition 3.4. 

i) Let v be a vertex with \v\ > 1. The quantity 

¥(A(u) | /n(z/,fc(z/)) = x) 

is a decreasing function of x, with x > 0. 

ii) F(A(u) | /ii(z/,fc(z/)) < x) > F(A(u)), for any x>0. 

Proof. Suppose {ic(w) = V}. Given {h^v, V) = x}, the set of good vertices in is a 
function of x. Denote this function by T: M. + — ► {subset of vertices of A F }. A child of V, say 
Vi, is good if and only if 

, /_ s h^V, v) 

h\{y,v x ) < — — . 

1 + x 

Hence the smaller x is, the more likely v\ is good. This is true for any child of V. As for 
descendants of V at level strictly greater than \v\ + 2, their status of being good is independent 
of h\{v, fc(^)). Hence T(x) D T(y) for x < y. This implies that the connected component of 
good vertices contining V is larger if {hi(y,V) = x} rather than {hi(y,V) = y}, for x < y. Hence 

F(A(v) | /ii(z/,fc(z/)) =x, fc(z/) = V) >F(A(v) \ h x (v, fc(i/)) = fc(z/) =17), for x < y. 

Using symmetry we get i). In order to prove ii), use i) and the fact that the distribution 
of hi{v,ic(v)) is stochastically larger that the conditional distribution of hi(v, fc(z^)) given 
{Ai(i/,fc(i/)) <x}. □ 

Denote by [x] the largest integer smaller than x. 
Theorem 3.5. For VRJP defined on Qb, with b > 3, and s G (0, 1), we have 

F(hsn] > n) < exp { - [n/Q inf h(x\{1- 7*>&) i> (3.10) 
where 7& was defined in Lemma EH and 



^:=(l-e-»)(l-e-^))_^_. (3.11) 

Proof. By virtue of Proposition 13.11 the sequence lU feC , with k G N, consists of i.i.d. ran- 
dom variables. The random variable X^=i Ha, c has binomial distribution with parameters 
(P (A (/?)), [n/C]). We define the event 

Bj :={the first jump after Tj is towards level j + 1 and LiX^-, Tj+i) < 2, 
andL(par(X rj ),T i+1 ) < 2}. 

Let Tt be the smallest sigma-algebra defined by the collection {X s , < s < t}. For any 
stopping time S define Ts '■= {A: A H {S < t] G fj}. Now we show 

P ( Bj | Js Ti l ) > (i _ e ->) (1 - e-^ 1 )) ^ = ^ (3.12) 

where the inequality holds a.s.. In fact, by time Tj the total weight of the parent of is 
stochastically smaller than 1+ an exponential of parameter b, independent of J z T i _ 1 - Hence the 
probability that this total weight is less than 2 is larger than 1 — e~ b . Given this, the probability 
that the first jump after Tj is towards level i + 1 is larger than bj (6 + 2). Finally, the conditional 
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probability that Tj + i — T« < 1 is larger than 1 — e~( b+1 \ This implies, together with ( > 2, that 
the random variable Y^j=i^ ^ is stochastically larger than a binomial(n, (ft,). For any i G N, 
and any vertex i/ with \u\ = i(, set 

. A /ii(z/,par(z/)) 
z := mm 1 



1 + /ii(par(z/), v) 
E := {X TiC = u} n {L(par(z/),T iC ) < 2}. 

We have 

B K n {x T< = u} = {/n(z/,fc(z/)) <z}ns. 

Moreover, the random variable Z and the event E are both measurable with respect the sigma- 
algebra 

H u := cr | P (par {v),v), {P{u,w): u,w <£ Vert(A„)}}. 

Let fz be the density of Z given {/^(z/, fc(z/)) < Z} fl E. Using [3^ ii), and the independence 
between /ii(z/, fc(z/)) and 7^, we get 

p(A lC | B K n {x T< = !/}) = F(A(u)\ {htiu, fc(i/)) <z}ns) 

P(i4(l/)| {ftl^fc^)) < > P(A(l/)) 

= £ p(ii(i/)n{x 21c = i/})=P(Ac)- 

v. \v\=i(, 

The first equality in the last line of (13. 13[) is due to symmetry Hence 

P(Ac|Ac) >P(Ac)- (3.14) 

If Afc fl -B/c holds then k is a cut level. In fact, on this event, when the walk visits level k for 
the first time it jumps right away to level k + 1 and never visits level k again. This happens 
because Xx k+1 = fc(X^ fc ) has a child which is the root of an infinite subtree of good vertices. 
Moreover the total weights at X^ h and its parent are less than 2. Define 

HC] 
i=l 

By virtue of (13. 9p . (I3.12p . (13.141) and Proposition 13.11 we have that e n is stochastically larger 
than a bin([n/£], (1 — 7&)y&). Applying Lemma |3~3| we have 

Hl\sn] >n) < P(e n < [an]) < exp { - [n/Q inf h(x I (1 - 76 )</? 6 ) }■ □ 

l xG[0,s] V / J 

The function H(x | (1 — 7b)<^b) is decreasing in the interval (0, (1 — 7b)<^). Hence for n > 
1/ ((1 - 7 6 Vb), we have inf x . e[0i i/ n ] H[x | (1 - 7&V&) = if(l/n | (1 - 7&V&). 

Corollary 3.6. For n > 1/((1 — 7&)</>&), choosing s = 1/n in Theorem \3.5[ we have 
P(/i > n) < exp { - [n/C] inf #(x | (1 - 7i > b ) ) 

(3.15) 

= exp{-[n/C]#(~|(l-7&)*>&)}, 



LIMIT THEOREMS FOR VRJP ON TREES 11 
where, from the definition of H we have 



lim h(-\(1- lb )<p b ) = In — * — > 

n-t-oo \n 1 / 1 — (1 — Th <Z?h 



7b) ^fe 



4. n HAS FINITE (2 + <5)-MOMENT 

The goal of this section is to prove the finiteness of the 11/5 moment of the first cut time. 
We adopt the following strategy 

• first we prove the finiteness of all moments for the number of vertices visited by time 
Ti, then 

• we prove that the total time spent at each of these sites has finite 12/5-moment. 

Fix neN and let 

U n := number of distinct vertices that X visits by time T n , 

H n> k '■= number of distinct vertices that X visits at level k by time T n . 

Let T{y) : = inf{t > 0: X t = u}. For any subtree E of Qb, b>l, define 

S(a, E) :=sup|t: j l{ Xs ^E}ds < aj . 

The process Xgum is called the restriction of X to E. 

Proposition 4.1 (Restriction principle (see [8J)). Consider VRJP X defined on a tree 
J rooted at p. Assume this process is recurrent, i.e. visits each vertex infinitely often, a.s.. 
Consider a subtree J rooted at v. Then the process X s , t js is VRJP defined on J . Moreover, 

for any subtree J* disjoint from J , we have that X s , t js and Xs(t,j*) are independent. 

Proof. This principle follows directly from the Poisson construction and the memoryless 
property of the exponential distribution. □ 

Definition 4.2. Recall that P(x,y), with x, y e Vert(Qb) are the Poisson processes used to 
generate X on Q b - Let J be a subtree of Q b . Consider VRJP V on J which is generated 
by using {P(u, v): u,v G Vert(J)} , which is the same collection of Poisson processes used to 
generate the jumps o/X from the vertices of J . We say that V is the extension o/X in J . 
The processes V t and Xs(t,j) coincide up to a random time, that is the total time spent by X in 
J- 



We construct an upper bound for H nt k, with 2 < k < n — 1. . Let G{k) be the finite subtree 
of Qb composed by all the vertices at level i with i < k — 1, and the edges connecting them. 
Let V be the extension of X to G(k). This process is recurrent, because is defined on a finite 
graph. The total number of first children at level A; — 1 is b k ~ 2 , and we order them according to 
when they are visited by V, as follows. Let 771 be the first vertex at level k — 1 to be visited by 
V. Suppose we have defined rjx, . . . ,r] m -i- Let r\ m be the first child at level k — 1 which does 
not belong to the set {771,772, • • • , Vm-i}, to be visited. The vertices 77^, with 1 < i < b k ~ 2 are 
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is forced to remain inside A^, and never visits fc(r/ m ) 

m then HI^i ( 7 4(P ar ( ? ?j))) c holds, and 
1 + b 2 b k ~ 2 = 1 + b k , which is an 



determined by V. All the other quantities and events such as T(v) and A{y), with v running 
over the vertices of Qb, refer to the process X. Define 

f n (k) := 1 + 6 2 inf{m > 1: ^(par^)) = 1}- 

Let J := inf{n: T(r] n ) = oo}, if the infimum is over an empty set, let J = oo. Suppose that 
A(j] m ) holds, then X, after time T(r) m ), 
again. This implies that T(j] m+ x) = oo. Hence, if J 
fn{k) > 1 + b 2 {m — 1). Similarly if J = oo then f n (k) 
obvious upper bound for the number of vertices at level k which are visited by X. On the 
other hand, if J = m then the number of vertices at level k which are visited by X is at most 
1 + (m — l)b 2 . In fact, the processes X and V coincide up to the random time when the former 
process leaves G(k) and never returns to it. Hence if T(rji) < oo then X visited exactly i — 1 
distinct first children at level k — 1 before time T{r]i). On the event {J = m} we have that 
{T{rj m _i < oo} fl {T(r] m ) = oo}, hence exactly m — 1 first children are visited at level k — 1. 
This implies that at most 1 + (m — l)b 2 vertices at level k are visited. 

We conclude that f n (k) overcounts the number of vertices at level k which are visited, i.e. 

n n , fc < f n {k). 

Recall that h\{v, fc(V)), being the minimum over a set of b independent exponentials with 
rate 1, is distributed as an exponential with mean 1/b. 

Lemma 4.3. For any m 6 N ; we have 

¥(f n {k) > l+mb 2 )< ( lb ) m . 

Proof. Given f)™^ 1 (A(p&r(r}i)) c the distribution of /i(par(^ m ), r] m ) is stochastically smaller 
than an exponential with mean 1/b. Fix a set of vertices Vi with 1 < i < m — lat level k — 1 
and each with a different parent. Given rji = z/j for i < m — 1, consider the restriction of V to 
the finite subgraph obtained from G(k) by removing each of the Vi and par(z/j), with i < m — 1. 
The restriction of V to this subgraph is VRJP, independent of f)™^ 1 (A(pa.r(r]i)) c , and the total 
time spent by this process in level A; — 2 is exponential with mean 1/b. This total time is an 
upper bound for h{pea(rj m ), rj m ). This conclusion is independent of our choice of the vertices z/j 
with 1 < i < m — 1. Finally, using Proposition 13.41 i) . we have 



m—1 



¥(f n (k) >l + mb 2 \ f n (k) > 1 + (m - l)b 2 ) = P((A(par(r? m ))) c | f| (A(par(^)) c ) 

i=l 

< P((A(par(r/ m ))) c ) < 76 . 

Let a n ,c n be numerical sequences. We say that c n = 0(a n ) if c n /a n is bounded. 
Lemma 4.4. For p > 1, we have E [n^] = 0(n p ). 



(4.1) 



□ 



Proof. Consider first the case p > 1. Notice that n nj o 
we have that sup n E[/£] < oo. By Jensen's inequality 



E[W n ] = E 



n—l 



Pi 



2 + ^n n , fc ) 



k=l 



<n p E 



n-l -qp 



E 

,fc=i 



n.k 2^ 

n n 



<n p E 



1. By virtue of Lemma fl~3 

'n-l 

E 



k=l 



m) 1 2 p 

n n 



0{n p ). 
(4.2) 
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As for the case p = 1, 



n-l 



E[n n ]<2 + ^E[/ n (fc)] = 0(n). 



k=l 



□ 



Let 



{u is visited before time n}' 



where the sum is over the vertices of Qj,. In words, II is the number of vertices visited before 
Lemma 4.5. For any p > we have E[IP] < oo. 



Proof. By virtue of Lemma E31 v/ E [ n n P ] ^ C b? P nP i for 

some positive constant eg. Hence 

using Cauchy-Schwartz, 



n=l 



E [W] = ^E[n^% =n} ] < VE[n^]p(/ 1 > n) 

n=l 

oo . 

< Cg £ exp { - - [n/QH (- | (1 - 7fe )^ b ) } < 



oo. 



n=l 



□ 



In the last inequality we used Corollary 13.61 

Next, we want to prove that the 12/5-moment of L(p, oo) is finite. We start with three 
intermediate results. The first two can be found in [H] . We include the proofs here for the sake 
of completeness. 

Lemma 4.6. Consider VRJP on {0, 1}, which starts at 1, and with initial weights a = c and 
a\ — 1. Define 



^(t) :=inf{ S : L(l,s) = t}. 



We have 



sup E 

t>i 



c 3 + 3c 2 + 3c. 



(4.3) 



Proof. We have L(0, £(i + dt)) = L(0, £(t)) + xii where \ is a Bernoulli which takes value 1 
with probability L(0, £(t))dt, and r\ is exponential with mean 1/t. Given L(0, £(t)) , the random 
variables x and 77 are independent. Hence 



E 



L(0,£(t + dt)) — E L(0,£(t)) 



E[L(0,£(*))] 



dt, 



i.e. E[L(0,£(i))] is solution of the equation y' (t) = y(t)/t, with initial condition y(l) = c (see 
[8]). Hence 

E[L((U(t))] = ct. 
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E 



L((U(t + dt)) 2 



E 

E 
E 



+ 2E 



L((U(t))E X I L(0,£(t)) E[rj\ + E X 2 | L(0,£(t)) Efo 



^(0, e(i)) 2 J + (2/t)E [L(0, £(t)) 2 J dt + (2/t 2 )E [l(0, f (t)) 
L(0,£(t)) 2 l + (2/t)E[L((U(t)) 2 ldt+ (2c/t)dt. 



dt 



Thus E 



L(0,£(t)) 2 satisfies the equation y = (2/t)y + (2c/t), with y(l) = c 2 . Then, 



E 



£(<U(t)) s 



Finally, reasoning in a similar way, we get that E 
6(c 2 + c), with = c 3 . Hence, 

L((U(t)) 3 



-c + (c 2 + c) t 2 . 

L(0,£(t)) 3 satisfies the equation y = (3/t)y+ 



E 



3(c 2 + c)t+ (c 3 + 3c 2 + 3c) t 3 . 



□ 



Divide both sides by t 3 , and use the fact that c > to get f)4.3p . 

A ray a is a subtree of Qt> containing exactly one vertex of each level of Qb- Label the vertices 
of this ray using {a i: i > 0}, where <Tj is the unique vertex at level i which belongs to a. Denote 
by & the collection of all rays of Qt,. 

Lemma 4.7. For any ray a, consider VRJP X (CT) := {X t (CT) , t > 0}, which is the extension of 
X to a. Define 



T, 



inf{* > 0: X t (CT) = a n } } 



L { °\a h t) := 1 + J t JY(a) As. 



We have that 



E[L (CT) (ao,T^) 3 ] < (37) n . 



(4.4) 



Proof. By the tower property of conditional expectation, 



E 



(£ (CT) KTr)) : 



E 



(tr ,T, 



L M {<n,T, 



(<r)N 



(4.5) 



At this point we focus on the process restricted to {0, 1}. This restricted process is VRJP 
which starts at 1, with initial weights a% = 1, and oq = 1 + hx(o~o, o~i) and o~o = p. By applying 
Lemma [4. 6} and using the fact that /ii(oo, Oi) is exponential with mean 1, we have 



E 



■ w 



< E[3(l + /n(o- , ai)) + (1 + /iiK ^i)) 2 + (1 + /ii(<r , ^i)) 3 ] 



37. 



(4.6) 
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Then 



E 



(L(a ,T n )) : 



E 



E 



< 37E 



(L { "\a Xl T^)) 



(LW(a lf rW)) 5 



(4.7) 



□ 



The Lemma follows by recursion and restriction principle. 
Next, we prove that 

L(p,T(a n ))<L^(a ,T^). (4.8) 

In fact, we have equality if T(a n ) < oo, because the restriction and the extension of X to a 
coincide during the time interval [0,T(cr n )]. If T(a n ) = oo, it means that X left the ray a at a 
time s < T^K Hence 

L{p,T(a n )) = L^(a ,s) < L w KlJ"). 
Hence, for any u, with \u\ = n, we have 

E[L(p,T(u)) 3 } <(37) n (4.9) 
Lemma 4.8. E \(L(p, oo)) 12/5 l < oo. 



Proof. Recall the definition of A(v) from (13.41) and set 

D k := |J A{y). 

v. \v\=k~2 

If A(u) holds, after the first time the process hits the first child of v, if this ever happens, it 
will never visit v again, and will not increase the local time spent at the root. Roughly, our 
strategy is to use the extensions on paths to give an upper bound of the total time spent at 
the root by time and show that the probability that P)^ =1 D\ decreases quite fast in k. 

Using the independence between disjoint collections of Poisson processes, we infer that A(v), 
with \v\ = k — 2 are independent. In fact each A(v) is determined by the Poisson processes 
attached to pairs of vertices in A„. Hence 

HDD < {i b f~ 2 (4.10) 

Define d = inf{n > 1 : ]Lj n = 1}. Fix fceN. On the set {d — k}, define fx to be one of the first 
children at level k — 1 such that A(par(//)) holds. On {T(/Z) < oo} fl {d = k}, we clearly have 
L(p, oo) = L(p,T(]X)). On the other hand, on {T(fl) < oo} D {d = k}, we have that, after the 
process reaches ft it will never return to the root. Hence 

Hp, oo) = 1 + / l {Xu=P }du + / l {Xu=p }du = 1 + / l {Xu=P }du = L(p,T(fl)). 
Jo Jt(p) Jo 

Using this fact, combined with 

Hp,Hfi))< Hp,HHv)), 

v. \v\=k-2 
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and t{ d =k} < %{d>k-i} < ^di^, we have 

L(p, oo)U {d=fc} = L(p,T(-p))l {d=k} < ( ^2 L (Pi T (Hv))))~b{d=k} 

v. \v\=h-1 

<( E L( P ,T(fc(v))))l DUi . 

v. \v\=k-2 

Using (14.111) . Holder's inequality (with p = 5/4) and ( 14.101) we have 



E 



(L(p,oo)) 12/5 j =^E[(L(p,oo)) 12/5 ]l {d=fe} ] =J2^[{L(P,oo)t {d=k} ) 

k=l k=l 

12/5" 

E L{ P) T{ic{v)))l Dli 

v. \v\=k-1 

3 



12/5' 



oo 

k=l 



oo 
k=l 



(4.11) 



E L(p,T(ic(u))) 

v. \v\=k-2 



4/5 



(76 



oo 
k=l 



E L (P' T ( fc (^))) 

H=fc-2 



(71 



^ fc - 3 /5 



(using L(p,t) > 1) 



<E h a E E[L(p,T(fc(z/))) 3 ] ) ( 7b f " a / 5 (by Jensen) 

fc=l V v. \v\=k-2 
oo 

<^6 3fc (37) fe (7 b ) bfc " 3/5 <oo. 
fe=i 



Lemma 4.9. For v ^ p, there exists a random variable A u which is cr{P(w, 
Vert(A u )} -measurable, such that 

i) L(u, oo) < A u , and 

ii) A„ and L(p, oo) are identically distributed. 



□ 



v) : it, f G 



Proof. Let X := {X t , t > 0} be the extension of X on A u . Define 



A„ := 1 + / l { x t=v} dt. 
Jo 

By construction, this random variable satisfies i) and ii) and is a{P(u, v): u, v G Vert(A„)}- 
measurable. □ 

Theorem 4.10. E [(n) 11 / 5 ] < oo. 

Proof. Suppose we relabel the vertices that have been visited by time t±, using 8%, 9 2 , . . . , 6*n, 
where vertex v is labeled 9 k if there are exactly k — 1 distinct vertices that have been visited 
before v. Notice that A v and {9 k = is} are independent, because they are determined by 
disjoint non-random sets of Poisson processes (A v is cr{P(u, v): u, v G Vert(A t/ ) } -measurable). 
As the variables A u , with v G Vert(C?&), share the same distribution, for any p > 0, we have 

E[A2]=E[A*]=E[L(p, «>)>]. 
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By Jensen's and Holder's (with p = 12/11) inequalities, Lemma T4. 91 i) and ii), and Lemma [4.81 
we have 



E [(ti) 11/5 ] < E 





■ / n \ n /5" 




< E 




< E 










oo 





n (ll/5)-l J2(A 6 



,11/5 



k=l 



E 



£< 1/5 n 6/5 V 



>fc} 



oo 



oo 

<E E [ A 

fc=l 



12/5 
6k 



11/12 



E [IT 72 / 5 ]l (n > fc) ] 



1/12 



< Cf ] E [n 144/5 ] 1/24 P (n > A;) 1/24 (by Cauchy-Schwartz and Lemma OP 

fc=i 

oo 

< C< 4) P (II > k) 1/24 , (by Lemma EB , 

k=l 

for some positive constants Cf ] and C^ 4) . It remains to prove the finiteness of the last sum. 
We use the fact 

,48t, 



lim r 8 p(n > k) = o. 

fc^oo 

The previous limit is a consequence of the well-known formula 

oo 

^V 8 p(n> k) = E[n 49 ], 

k=l 

and the finiteness of E[I1 49 ] by virtue of Lemma [4.51 

oo oo 1/24 

J]p(n> fc) 1/24 = ^^(fc 48 p(n> k)y < 



(4.12) 



(4.13) 



oo. 



k=l 



k=l 



□ 



Lemma 4.11. sup xe[lj2] E[(L(p, oo)) 12/5 | L(p,Tx) — x] < oo. 

Proof. Using H~9l and the fact that A Xti is independent of L(p,Ti), we have 



sup E[(L(X Tl ,oo)) 12 / 5 | L(p,T 1 )=x] < sup E[(A X ) 12 / 5 | L(p, T x ) 

x6[l,2] a;6[l,2] 



E[(A XTi ) 12 / 5 ]=E[(L(p,oo)) 12 / 5 ]<oo. 



(4.14) 



Given L(p, 7\) = x, the process X restricted to {p,X Tl } is VRJP which starts from X Tl , 
with initial weights a p = x and 1 on X^. This process runs up to the last visit of X to one of 
these two vertices. Using Lyapunov inequality, i.e. EfZ 9 ] 1 / 9 < E[Z p ] 1//p whenever < q < p, 
Lemma [4. 7\ and the fact x > 1, we have 

E 



<e[( 

-\L(X Tl ,T n 
< {x 3 + 3x 2 + 3x) 4/5 < x 3 + 3x 2 + 3x. 



3 -1 4/5 

\L(X Tl ,T n ),{L(p,T 1 )=x} 



(4.15) 



(z|fe z ii)) 1!/5(L(x - T " ))12/5|i(ftTi; 
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Finally 

E[(L{p,T n )) Vi ' 5 \L{p,T 1 ) = x]=E 

< (x 3 + 3x 2 + 3x)E (L(X Tl ,T„)) 12/5 | L{p,T x ) = x 

< (x 3 + 3x 2 + 3x)e[(L(X Ti ,oo)) 12/5 I L(p,T 1 ) = x 

< (x 3 + 3x 2 + 3x)E[(L(p, oo)) 12/5 ]. 

By sending n — > oo and taking the suprema over x G [1,2] we get 

sup E[(L(p,T„)) 12/5 | L(p,Ti) =ar] < 26E[(L(p, oo)) 12/5 ] < oo. 
xe[i,2] 

Theorem 4.12. sup ze[1>2] E [(n) 11 / 5 \ L(p,T 1 ) = x] < oo. 



(4.16) 



□ 



Proof. Label the vertices at level 1 by pi,p2, • • • ,P&- Let Ti(pj) be the first cut time of the 
extension of X on A Mi . This extension is VRJP on A w with initial weights 1, hence we can 
apply Theorem 14.101 to get 

E [( r i(^)) 11/5 ] < oo. (4.17) 
Hence, it remains to prove that for a; 6 [1,2] 



E 



(ti) 11 ^ 5 I L(p, Tij = x\ <E ( L(p, oo) + max T%(p 



11/5 



L{p,T x ) 



x 



< E 



L(p, oo) + 5^ri(pi)J L(p,T 1 ) 



11/5 



i=l 



11/5 



<(6 + l)ii/5-i E L(p,oo) |L(p,T 1 )=x +(6+l) n / 5 E ((n(^i)) 



11/5' 



< OO, 



where we used Jensen's inequality, the independence of r(p,) and Ti and Lemma 14.111 In fact, 
as L(p, oo) > 1 , we have 



E[(L(p, oo)) 11/5 | L{p, T x ) =x}< E[(L(p, oo)) 12/5 | L(p, T x ) = x] < oo. 



□ 



5. Splitting the path into one-dependent pieces 

Define Zi = L(X Ti , oo), with i > 1. 

Lemma 5.1. T/ie process Zi, with i > 1 is a homogenous Markov chain with state space [1, 2]. 

Proof. Fix n > 1. On {Z n = x} fl {X Tn = i/} the random variable Z n+ i is determined by 
the variables {P(u,v),u,v G A u ,u ^ z/}. In fact these Poisson processes, on the set {Z n = 
x} fl {X Tn = z/}, are the only ones used to generate the jumps of the process {A A T (f c ( J y)+t}t>o- Let 
Ei, E 2 , . . . , E n -i, E n+ i be Borel subsets of [0, 1]. Conditionally on {Z n = x} fl {X Tn = v}, the 
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two events {Z n+ i G E n+ i} and \Z\ G E±, Z 2 G E 2 , . . . Z n -\ G E n -i} are independent because 
are determined by disjoint collections of Poisson processes. By symmetry 

F(Z n+1 G E n+l | {Z n = x}H {X Tn = u}) 

does not depend on v. Hence 

^(Zn+i G E n+ i I Zi G Ei, Z 2 G E 2 , ■ ■ ■ Z n _ x G E n _i, Z n = x) 

= HZn+i G E n+ i | Zi G Ei, . . . , Z n _! G S n _i, Z n = x, X Tn = z/)P(X rn = v | G £1, . . . , Z n 

v 

= F(Z n+1 G E n+1 | Z n = x, X Tn = v)= F(Z n+1 G E n+X \Z n = x). 

This implies that Z is a Markov chain. The self-similarity property of Qb and X yields the 
homegeneity. □ 

From the previous proof, we can infer that given Zi = x, the random vectors (t»+i — t%, k+i—li) 
and {ji — Ti-i, U — k-i), are independent. 



Proposition 5.2. 



sup sup E 

i£N x€[l,2] 

sup sup E 

«6N x€[l,2] 



I \ll/5 I v 

— TjJ | A 



< oo 



(h+i — h) 



11/5 



Zi — x 



< oo. 



(5.1) 
(5.2) 



Proof. We only prove (EED , the proof of (E2D being similar. Define C := {X t ^ p,Wt>T 1 } 
and fix a vertex z/. Notice that by the self-similarity property of Qb, we have 



E 



vll/5 



{Z i= x}n{X Ti = z/} =E (r 1 ) 11 / 5 |{L(p,T 1 )=x}nC 



By the proof of Lemma 12.21 we have that 



gtrp I L ( p,r,) = ,) > —nM) > (i - - n) — 



> 0. 



Hence 



sup E 

x: x£[l,2] 



;r 1 ) 11 / 5 |L(p,T 1 ) 



> sup E 

x: xG[l,2] 

> (1-76) 



> (1-76) 



(n) n/5 1 {L( P , ro = x} n cj p(c | to = x 

(r 1 ) 11/5 |{L(p,T 1 ) = x}nc' 

(T i+1 -Tj 11 ' s \{z i = x}n{x n = u} 



— — sup E 

~r 4 x . x6[l,2] 

h 

sup E 



& + 2 x: xe[i,2] 



Hence 



E 



y n + i - n 



,11/5 



= x} n {x Ti = u} 



< 



b + 2 



sup E 



b(l~ 76) l<x<2 

Next we prove that Z satisfies the Doeblin condition 



(5.3) 



□ 
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Lemma 5.3. There exists a probability measure </>(•) and < A < 1, such that for every Borel 
subset B of [1, 2], we have 

F(Z i+1 eB \Zi = z) > A <p(B) Vze[l,2]. (5.4) 

Proof. As Zi is homogeneous, it is enough to prove (15 .4p for i — 1. In this proof we show that 
the distribution of Z2 is absolutely continuous and we compare it to 1+ an exponential with 
parameter 1 conditionated on being less than 1. The analysis is technical because Zi depend 
on the behaviour of the whole process X. Our goal is to find a lower bound for 

F(z 2 E {x,y) \Z 1 = z), with z E [1,2]. (5.5) 



Moreover, we require that this lower bound is independent of z E [1, 2]. 

Fix e E (0,1). Our first goal is to find a lower bound for the probability of the event 
{Z 2 E (x,y), Z\ E I £ (z)}, where I E (z) := (z — e,z + e). Fix z E [1,2] and consider the function 

e - {b+ u)(t-l) _ (fe + l)e -( 6+2 ) e -(t-l)_ (5 6) 

Its derivative with respect t is 

(b + 1 ) e -(6+2)-(t-l) _ (fe + ^ e -( 6 +„)( t -l) ) 

which is non-positive for t E [1,2] and u E [1, 2]. In fact 

(6 + !) e -(6+2)-(t-l) _ (6 + u)e ~(b + u)(t-l) < (fe + 1)e -(6 + 2)-(l-l) _ (6 + u)e -( H u){2-l) 

= (b + l)e- (6+2) - (b + u)e- {b+u) < 0. 

Hence for fixed u E [1,2], the function in (15.61) is non-increasing for t E [1,2]. For 1 < x < y < 2, 
we have 

e -( b+ u)( X -l) _ e -(b + u)(y-l) > ( 6 + 1)e -(6+2) ( e -(x-l) _ e -(2/-l)) _ (5. 7 ) 

We use this inequality to get a lower bound for the probability of the event {Z 2 E (x,y), Z\ E 
I £ (z)}. Our strategy is to calculate the probability of a suitable subset of the latter set. Consider 
the following event. Suppose that 

a) T\ < 1, then 

b) the process spends at X Tl an amount of time enclosed in (z — 1 — e, z — 1 + e), then 

c) it jumps to a vertex at level 2, spends there an amount of time t where t + 1 E (x,y), 
and 

d) it jumps to level 3 and never returns to Xj- 2 - 

In the event just described, levels 1 and 2 are the first two cut levels, and {Z 2 E (x,y), Z\ E 
I E (z)} holds. The probability that a) holds is exactly e~ b . Given T\ — s — 1, the time spent 
in Xrp x before the first jump is exponential with parameter (b + s). Hence b) occurs with 
probability larger than 

inf fe" (6+s)(z_e) - e " (6+s)(2+e)N ) 
se[i,2] V /' 

Given a) and b), the process jumps to level 2 and then to level 3 with probability larger than 
{b/{b + 2)) {b/{b + z + e)). The conditional probability, given a) and b), that the time gap 
between these two jumps lies in (x — 1, y — 1) is larger than 



inf (V^")^- 1 ) - e~ (6+u)(2/ ~ 1)N ) 
uei £ (z) V / 
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At this point, a lower bound for the conditional probability that the process never returns to 
Xt 2 is 

We have 



¥(z 2 e(x,y), Zteleiz) 

>e- 6 — — inf ( e -(^-z)- e -(^)(^)) 

(b + 2) 2 (b + z + e) s e[i,2] V / 



inf ( e 

u£/ £ (z) 



(6+«)(x-l)_ e -( 6+ u)( 2/ - 1 )^ 1 _ Q , 6) 

+ c ~ (b+2) fe _(a:_1) - e" (j/_1 

(6 + 2) 2 (6 + z + e) v 



> ( I n, ; )e-S + ,e- (b+ V (e"^- 1 ) - e^ 1 )) inf ( e ^ b+s ^ - e^ b+s ^ 

" ' y «6[1,2] V 

(5 



where in the last inequality we used (15.71) . Notice that there exists a constant C ( b 4) > such 
that 



inf inf 

ee(o,i) z,se[i,2] e 



Summarizing, we have 

p(z 2 G Z x G I e (z)) > tf< 5 > (e-M -e-M)£, (5.10) 

where C^ 5) depends only on 6. 

In order to find a lower bound for (I5.5P we need to prove that 

sup -F(z 1 eI E (z)) <Cf, (5.11) 
se(o,i) £ v 7 

for some positive constant Cf\ To see this, recall the definition of Bj from the proof of 
Theorem 13.51 and £ from (13.31) . The event that level i is not a cut level is subset of (Bi D A) c 
(see the proof of Theorem 13.51) . Denote by m 8 = hi(X'r i ,ic(XT i ))j which is exponential with 
mean 1/6. Then 

oo i— 1 

P(Zx G J e (z)) < ^P(m, G I e (z))p( f|( S * n A *Y I ™< e 

i k=l 

00 i— 1 

< Ce£>( P\(B k n A fc ) c | m, G I e (z)), 

1 k=l 

where the constant C is independent of e and z. It remains to prove that the sum in the 
right-hand side is bounded by a constant independent of e. Notice that, for i > (, Ai_^ and 
-E?i_£ are independent of mj. Moreover the events 
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are independent by the proof of Proposition 13. 1L Hence 



fc=l 

[(i-l)/C] 



Ce^P( pi (B^ k( n A^ K ) c ^j (by independence) 

i k=X 

oo [(i-" s 

C£^p((5i_ fcC nA-*c) c ) 1 



< oo. 



Combining (OIL (1531) and (IBTTTD . we get 



P(Z 2 G | Z x = z) = ]im—, ^F(Z 2 e (x,y) , Z x e I £ {z) 

V J El ° F(Zt e I £ {z)\ V 



> A 



(5.12) 

( e -(*-D - e-fe" 1 )) 



1-e- 



for some A > 0. . A finite measure defined on field A can be extended uniquely to the sigma- 
field generated by A, and this extension coincides with the outer measure. We apply this result 
to prove that (15.121) holds for any Borel set C C [1, 2], using the fact that it holds in the field 
of finite unions of intervals. For any interval E, the right-hand side of (15.121) can be written in 
an integral form as 

r e ~ x + 1 

Fix a Borel set C C [1,2] and e > choose a countable collection of disjoint intervals E$ C [1,2], 
i > 1, with C C Ui^i such that 

oo 

¥(Z 2 e C | Z x = z) > p (^2 eE i \Z 1 = z)-e 



i=i 

> A V / - - - dx - e 



i=l 

> X f ( 



[ e~ x+1 / (1 - e- 1 ) dx-e. 
Jc 



The first inequality is true because of the extension theorem, and the fact that the right-hand 
side is a lower bound for the outer measure, for a suitable choice of the EiS. The inequality 
(15. 4ft , with 0(C) = j c e~ x+1 / (1 — e _1 ) dx, follows by sending s to 0. □ 

The proof of the following Proposition can be found in [2]. 

Proposition 5.4. There exists a constant g e (0, 1) and a sequence of random times {iVfc, k > 
0}, with N = 0, such that 

• the sequence {Z Nk , k > 1} consists of independent and identically distributed random 
variables with distribution </>(•) 

• Ni — Ni-i, i > 1, are i.i.d. with a geometric distribution (p), i.e. 

F(N 2 - JVi = j) = (1 - g) j ~ l g, with j > 1. 
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Lemma 5.5. sup ieN E[(rjv i+1 - r Ni ) 2 ] < oo. 

Proof. It is enough to prove E[(tn 2 — r Nl ) 2 ] < oo. By virtue of Jensen's inequality, we have 
that 

k—m 



E 



ml 



11/5 



E^y^ T m+ j — r m+ j-i 

3=1 

<{k — m) n / 5 E[(r 2 - n) 11 ^ 5 

Using Holder with p — 11/10, we have 

oo k— 1 

E [(^V 2 - T JVi) 2 ] = E E E ~ Tm) 2 l{ Nl = m ,N 2 =k}] 



k=2 m=l 



oo k— 1 



^ E E E [( r * " r -) n/5 ] 10/11 W =m,N 2 -N 1 = k- m) 1/n 



k=2 m=l 
oo k— 1 



EE E [( r *-0 



11/5 



10/11 



P(iVi = m) 1/n P(iV 2 — Ni = k — m) 1/n 

^ E E( fc " m ) 3E [(^ - n) 11 / 5 ] 10 ' 11 *? 2711 ^ - £?) (fc ~ 2)/n 

fc=2 m=l 

oo 

< Q 2/11 E[(r 2 - n) 11 / 5 ] 10 / 11 ^ k A (l - gf- 2)/U 



k=2 m=l 
oo k— 1 



< OO, 



fc=2 



(5.13) 



□ 



where we used the fact that < g < 1. 

With a similar proof we get the following result. 

Lemma 5.6. sup igN E[(l N . +1 - In,) 2 ] < oo. 

Definition 5.7. A process {Y k , k > 1}, is said to be one- dependent if Y i+2 is independent 
of {Yj, with 1 < j < i}. 

Lemma 5.8. Let Yj := (rjy i+1 — r Ni , Zjv i+1 — 1^), for i > 1. The process T := {Yj, i > l} is 
one- dependent. Moreover Yj, i > 1, are identically distributed. 



Proof. Given Z^^, Yj is independent of {Yj, j < i — 2}. Thus, it is sufficient to prove that 
Yj is independent of Z Ni-l . To see this, it is enough to realize that given Z N ., Yj is independent 
of Zn^, and combine this with the fact that Z^ i and Z^^ x are independent. The variables 
Z N . are i.i.d., hence {Yj, % > 2}, are identically distributed. □ 

The Strong Law of Large Numbers holds for one-dependent sequences of identically dis- 
tributed variables bounded in £}. To see this, just consider separately the sequence of random 
variables with even and odd indices and apply the usual Strong Law of Large Numbers to each 
of them. 

Hence, for some constants < < oo, we have 

limZ^i an d lim ^ -> C< 8 \ a.s.. (5.14) 

i— >oo % i^oo % 



24 



ANDREA COLLEVECCHIO 



Proof of Theorem 1. If rjv 4 < £ < T~N i+1 , then by the definition of cut level, we have 



U < IX I < / 



Hence 



Let 



< 



\Xt\ 



< 



N l+1 
I 



N i+1 



T~N i+ i t r Ni 
E[l N2 — l Nl ] 



E[t N2 - T Nl ] 



(5.15) 



which are the constants in ( 15.141) . Then 



lim sup 

t— >oo t 

Similarly, we can prove that 



\*t\ 



< lim 

»-*oo T/v,- 



IX, 



lim 

i + lTNi 



> K£\ a.s.. 



a.s.. 



lim inf ■ 

t^oo t 

Now we turn to the proof of the central limit theorem. First we prove that there exists a 
constant C > such that 



m 



Normal(0,C), 



(5.16) 



where Normal(0,0) stands for the Dirac mass at 0. To prove (15.161) we use a theorem from 
[15J. The reader can find the statement of this theorem in the Appendix, Theorem 16.11 (see 
also [22]). In order to apply this result we first need to prove that the quantity 



Ie 

m 



E 



(5.17) 



converges. Call Yy = — K^'ir^ and let Yi = — In^i ~ K ( b (r Nt — t Ni _ 1 ), with i > 2. The 
quantity in ( 15. 17ft can be written as 

The random variables Y{ are identically distributed with the exception of Y\. From the definition 
of K^ 1 ' given in (15.151) . we have 

E[Yi\ = E[l N2 - l Nl ] - E[l N2 - l Nl ] = 0. 
Hence Y i} with i > 1, is a zero- mean one-dependent process, and we get 



E 



(l Nm - K?T Nm ) 2 } = e[($> 



i=l 



(5.18) 



= (m - l)E[y 2 2 ] + 2(m - 2)E[Y 3 Y 2 ] + E[>f] + 2E[Y 1 Y 2 \. 

This proves that the limit in ( 15.17P exists and is equal to E[F 2 2 ] + 2E[!3l2]- Now we face two 
options. If the limit is equal to zero, then using Chebishev we get that 



lim P 

m— >oo 



Cr Nn 



m 



> e 



lim P 

m— >oo 



i=l 



> e ) < lim -E 

m— >oo £ 



m 



0. 



If the limit of the quantity in ( 15.171) is positive, then we can apply Theorem 16.11 and deduce 
central limit theorem for Y^i > 1, yielding (I5.16p . 
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Now we use (15. 16ft to prove the central limit theorem for \X t \. If r^ m <t< T^ m+1 , then 
\X t \ - K?H ^ l Nm - K^r Nm+1 n^( l N m - K^r Nm , Jf« 



Kfy/t K™ y /ri^ \ r Nm+1 \ yM 



> „^ . — = \ ~ 7= H ^=( r iV m - 7-jV, 



(5.19) 



The last expression converges, by virtue of the Slutzky's lemma, either to a Normal distribution 
or to a Dirac mass at 0, depending on whether the limit in (I5.17P is positive or is zero. To see 



this, notice that 



lim , / = il— r, a.s. 



V T N m+ i y E[rjv 2 - rjvj 

- Normal(0,C) 

lim m 1 = 0, a.s.. 



rn 



Similarly 



\Xt\-K£H < J m + 1 f Eg 1 ** + 



and the right-hand side converges to the same limit of the right-hand side of ( 15.191) . □ 



6. Appendix 

We include a corollary to a result of Hoeffding and Robbins (see [15J or [22J). 

Theorem 6.1 (Hoeffding- Robbins). Suppose Y := {Yj, i > 1} is a one- dependent process 
whose components are identically distributed with mean 0. If 

• E[Y? +S ] < 00, for some 5 > 0, 

• lim^oo ^Var(E™=i Yj) converges to a positive finite constant K , then 

n^-nm]^ Normal(tu) . 

Ky/n 
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